Curves made up of circular arcs and straight lines which approximate troposkiens of interest in the design of crosswind-axis wind turbines have been calculated for a variety of constraints. These curves were fitted to the troposkiens by numerical iteration by using both a least-squares and a least-maximum fit. Curves produced with the least-maximum spacing criteria approximate the troposkiens more closely than curves developed with the least-squares goodness-of-fit criteria.
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Artist Mathematically, the troposkien shape can be expressed in terms of elliptic integrals.' However, fabrication of the troposkien shape may not be economically practical because the use of numerically controlled machining techniques would probably be required. Therefore, it may be advantageous to approximate the troposkien shape with a shape or combination of shapes which are simpler to fabricate. One approximation is the parabola proposed by ~e m~l i n~ for an analytic study of the aerodynamic performance of the Darrieus wind turbine. However, the problems connected with the manufacturing of a parabolic wind turbine blade are no simpler than those associated with a troposkien blade. As an alternative it has been suggested4 that the troposkien be approximated by two straight lines joined to a circular arc, two shapes which are reasonably simple to manufacture. This type of approximation is shown in Figure 2 , where all lengths have been normalized by a, half the distance between the attachment points on the axis of rotation.
--Fitted Curve With regard to the fitted curve, the center of the circular arc lies on the r axis at a distance R from the origin of the r,z coordinate system, and the intersections of the fitted curve with the r and z axes occur at distances of R and Z m m along the respective.axes. In addition, it is assumed that the slope of the fitted curve is continuous at the point where the circular arc and the straight line meet.
Several criteria can be used as tests for "goodness-of-fit" between the troposkien and the fitted curve. Two of the more common, the ones considered here, are
(1) the least-maximum difference between the two curves (the so-called minimax) and (2) the least root-mean-square of the spacings between the two curves, where the spacings are calculated at selected points along the troposkien. The word "difference"
*
The swept area is the area common to the volume swept out by a rotating flexible cable (which gives rise to the troposkien shape) and a plane containing the axis of rotation. This area is 4 times the area between the r and z axes and the troposkien in Figure 2 .
as used here is not clearly defined and could in fact refer to the differences in either the z coordinates or the r coordinates of the two curves or to some combination of them. The one difference which appears to best describe the closeness of the two curves is the magnitude of the separation between them measured normal to the troposkien; this difference is used in this study. In terms of the notation in Figure In these equations, 6 is assumed to be given; in the various computer runs, ' m and R are either to be determined by the numerical calculations or are to be conm strained so that the fitted curve intersects the troposkien at the point where the troposkien crosses the z and r axes, respectively. In all cases the numerical values of Zj, Rj, and R are to be determined by the calculations.
The equations used in the computer program for determining the best fit (derived in Appendix A) are listed below for convenience.
I
Troposkien equations: The details of the logic used to calculate the various quantities are given in Appendix B.
Results and Comments
Values of R, Zm, and R that satisfy the least-squares and/or least-maximumm spacing goodness-of-fit criteria have been determined for several 6's between 0.8 and 1.2 and for a variety of constraints on Z and R The calculations were performed m mon a CDC-6600 computer by means of the code MAXDIF.
The numerical results of these calculations are listed in Tables I through 111.   Table I gives the coordinates for the normalized troposkien of maximum swept area for a fixed blade length at 100 points along the curve. For this case B = 0.99458568. Table I1 presents the geometrical characteristics of the straight-line/circular-arc combination whi,ch approximates the normalized troposkien of 6 = 0.99458568. These data were calculated at either 100 or 1000 points along the curve by using a leastmaximum separation or a least-squares goodness-of-fit criterion and various constraints on Zm and Rm. Parameters calculated for circular-arc/straight-line approximations to troposkiens with 6's between 0.8 and 1.2, using a minimax goodness-of-fit criterion, are listed in Table 111 . Locations of the points on the troposkien at which the separation d was calculated were selected in two ways. In the first the sampling points were equally spaced along the r axis. In the second the points were distributed along the troposkien in such a way that all angles between lines drawn from any two adjacent sampling points to the (r,Z) origin were equal.
Figures 3 through 8 have been plotted from the data of Table I and from circulararc/straight-line approximation curves computed with constants listed in Runs No. 1, 3, 7, 9, 11, and 13 in Table I1 for 100 points along the troposkien arc. The corresponding runs, Nos. 2, 4, 8, 10, 12, and 14, respectively, which used 1000 calculated points along the troposkien arc, produced plots which could not be distinguished from the plots made from 100 points and are therefore not presented. Also, the plots for Runs No. 5 and 6 could not be distinguished from the plot of Run No. 1; consequently, these two runs are not plotted. Figure 9 is a plot of the troposkiens and fitted curves for 6's of 0.8, 0.9, 1.0, 1.1, and 1.2 with the end points of the fitted curves not constrained. Figure 10 is a plot of the parameters listed in Table I11 as a function of B . The results of the present investigation indicate that, when the least-maximum difference is used as the goodness-of-fit criterion, the troposkien of maximum area for a given arc length between the points of attachment (B = 0.99458568) can be ap approximated by means of a curve made up of a circular arc and a straight line so that the separation between the curves is less than 1.3 percent of half the distance between the troposkien attachment points if the end points of the fitted curve are not constrained. If the fitted curve is constrained to be coincident with the troposkien only at the r-axis intercept, the separation can be held to less than 1.55 percent; if constrained to be coincident only at the z-axis intercept, this separation can be held to less than 1.48 percent. If the ends of the fitted curve are constrained to be coincident with the troposkien at both the r and the z axis intercepts, this separation can be held to less than 1.82 percent.
If the least-squares fit is used as the criterion for goodness-of-fit, these spacings increase by less than 0.5 percent for the four cases investigated.
After examining the calculated results for the cases in which 6 = 0.99458568, it was felt that 100 equal-angle sampling points were adequate and that the leastmaximum spacing criterion was the better of the two goodness-of-fit criteria considered. Figure 10 shows the dependence of the various parameters on 8 in the vicinity of 8 = 1.0 when using 100 sampling points with equal central angle spacings, when using the minimax goodness-of-fit criterion and when neither % nor Zm is constrained.
These data indicate that Zm, Rm, R R, and the least-maximum spacing increase with j' increasing 8 and that Z decreases with increasing 8 . From this investigation, it appears that troposkien shapes of interest in the design of crosswind-axis wind turbines can be approximated closely with a line made up of a circular arc and a straight line. However, before any decision is made as to which approximation should be used to define the shape of the blades in a Darrieustype of wind turbine, the magnitude of the bending stresses introduced by the various approximations should be determined.
APPENDIX A DERIVATION OF THE EQUATIONS
In the following analysis the coordinate system and notation shown in Figure 2 are used. Where normalized quantities are used, the normalizing constant is a.
Let the subscript t refer to the troposkien, c to the circular-arc portion of the fitted curve, R to the straight-line portion of the fitted curve, n to the line normal to the troposkien, and j to the junction between the circular arc and the straight line. Also, let R be the normalized distance along the r-axis between the center of the circular-arc segment of the fitted curve and the origin of the (r,z) coordinate system, Z the normalized value of z at the point where the fitted curve m meets the z-axis, and R, the normalized value of r at the point where the fitted curve meets the r-axis. The normalized coordinates of the junction between the fitted curve's circular-arc and straight-line segments are designated Z and R . Therefore, because the present analysis is restricted to the first quadrant, both Z j and R. must be positive; consequently, the plus sign must be used in Eq. (A.16). . Two methods were used to select the values of Rt. In the first method, the various R 's were assumed to be equally spaced along the r-axis between t the origin and the point at which the troposkien intercepts the r-axis. In the second method, the R 's were distributed along the r-axis in such a way that angles t formed by lines drawn from the origin to points on the troposkien defined by any two adjacent values of R were equal. t
Values of R, R and Zm were then assumed, and values of Z and R , were calcum' j J lated by means of Eqs. (6) and (7) .
Equations (10) and (12) were then used to compute Z and R. for each value of i
.
Rt. For cases in which R > R d was calculated from Eq. (14) for each value of Ri i j' greater than R Z. and R given by Eqs. (10) and (ll), were used in these calculaj' 1 i' tions. For cases in which R < R d was calculated from Eq. (14) for each value of i j' R, less than Rj; Zi and R. given by Eqs. (12) and (13) were used in these calculations. It should be noted that Eq. (14) gives the magnitude of the separation between the troposkien and the fitted curve.
At this point, a choice of the goodness-of-fit criterion was made. When the least-maximum-difference criterion was used, the maximum value of d was stored as the maximum error; when the root-mean-square was used, the sum of the squares of the d's computed at each R was stored as the maximum error. t
The process was continued by assuming a second value for R, with Rm and Zm fixed, and by repeating the above sequence of calculations to obtain a second value of the maximum error. These two values of the error were compared, and from them an estimate of a new value of R which gives the minimum maximum error was calculated and used to calculate a third estimate of R. This process was continued until the differ--10 ence between two succeeding values of the maxim& error was less than 10
.
